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Abstract 
 
Self-tuned equilibrium at a supercritical Hopf bifurcation has been proposed as a 
mechanism for the high sensitivity and wide dynamic range of biological sensory 
systems.  We present a simple circuit topology which demonstrates this dynamical 
behaviour.  The topology includes a resonant element such as is present in many sensor 
and detector circuits, and has a single tuning parameter which varies the equilibrium 
point.  Experimental results indicate an improved performance in detecting small and 
subthreshold signals, and no reduction in performance for large signals. 
 
 
Introduction 
 
It has been proposed that many biological sensory systems make use of local feedback 

loops to enhance their sensitivity [1,2].  Perhaps the best known case is the cochlea, in 

which inner hair cells act as sensors, and the outer hair cells and tip links may be 

modulated as feedback actuators to increase the detection sensitivity of the inner hair 

cells [3,4].  It has been demonstrated that this system may operate in equilibrium at a 

supercritical Hopf bifurcation [1,2,5].  Specifically, it is proposed that at low signal 

levels, the system is held on the threshold of limit cycling, and that subthreshold signals 

trigger and entrain these limit cycles, thereby increasing the signal to noise ratio (SNR) at 

the limit of detection.  

 

In this paper we demonstrate a simple circuit, inspired by sensory models, which displays 

this dynamical behaviour.  The sensing element of the circuit is a resonator, such as is 

used in many different types of sensor, as well as models of cochlear transduction [5].  

We describe a system using a series resonant LCR circuit, although we have also 

successfully constructed the circuit with an electromechanical (piezoelectric) resonant 

element. 

 

There are a number of well-known mechanisms, such as dithering and stochastic 

resonance [6,7], which act to increase SNR through the addition of extra energy to the 



   

signal.  The present system differs in that the nonlinearity is adaptively tuned in both 

amplitude and frequency, in order to best discriminate the signal.  This is an inherent 

property of the new topology.  In the extreme, at high signal amplitudes, the nonlinearity 

is completely eliminated from the signal path.  

 

The enhancement of detection by emergent oscillatory behavior in sensors has been 

shown recently by Bulsara and co-workers in systems of coupled bistable magnetic 

elements [8,9].  To the best of our knowledge, this has not been demonstrated in simple 

resonant sensor circuits, although the use of feedback-induced instability is of course 

fundamental in most simple oscillators.  Most recently, the equivalence of the 

Barkhausen criterion for linear oscillators and the conditions for Hopf bifurcation in 

nonlinear limit-cycling systems has been highlighted [10], so the existence of a 

supercritical Hopf bifurcation, and the onset of oscillation with the emergence of a high-

gain nonlinear feedback path, is consistent with both linear and nonlinear oscillator 

theory. 

 

The use of arrays of coupled Hopf bifurcation circuits in silicon cochlea systems has also 

been examined by Stoop, Kern, and co-workers [5,11], who conclude that these circuits 

do in fact provide the nonlinearities which enable many well-known psychoacoustic 

effects. 

 

Circuit Description 

 

The circuit consists of a resonant element which filters (and, in some cases, would 

transduce) the input signal.  The filtered signal is amplified in the usual way to produce a 

sensor output signal.  The output signal is fed to a zero-crossing comparator, which 

produces a saturating signal indicating the polarity of the input.  The output signal is also 

fed to an RMS to DC converter, which measures the power in the output signal.  This 

power level is subtracted from a setpoint (desired) power level, and the error signal is 

used to control a resistive divider, implemented with a field effect transistor (FET), which 

adds a small proportion of the comparator output to the input signal. 



   

 

 
Figure 1:  Block diagram of the system, with an LCR circuit as the resonant element.  G 

indicates an amplifier and comp a comparator; T is a FET used in both linear and 

saturated regions.  The RMS to DC converter produces a short-time average of the 

received signal strength, which modulates the level of feedback to the resonant circuit.  

Note that Ro should be large enough that when T is in saturation, their common node can 

be considered to be shorted to earth; i.e. the FET’s channel resistance is negligible when 

driven in saturation, thereby shorting the feedback signal. 

 
The system operates as follows: when the input signal is large enough to create a strong 

output signal, none of the comparator signal is fed back to the input, and the circuit is 

effectively a simple open-loop linear filter/transducer and amplifier.  As the input signal 

amplitude is reduced, the feedback loop starts to inject some of the comparator signal 

back into the resonant element.  If sufficient comparator signal is fed back, the circuit 

will act as a feedback oscillator and will start to limit cycle.  However, if the feedback 

level is adjusted to be very low, the circuit can be kept on the threshold of limit cycling.  

The effect is then that the system is at the point of bifurcation (a supercritical Hopf 

bifurcation) [13], and the vestigial limit cycles will entrain with subthreshold signals and 

improve the resulting SNR.    

 

The only tuning parameter in the circuit is the setpoint level of power (although the time 

constants in the RMS to DC conversion will affect the long-term system dynamics).  In 
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practice, the power level would be set to give an output of the order of sensitivity of the 

detection system (e.g. of the order of the LSB amplitude of a downstream analog to 

digital converter).  For coarse detection thresholds, this could require the system to 

operate well into the limit-cycling regime; whereas for very low thresholds the setpoint 

will be close to the noise floor. 

 
 
 
Analysis 

 

The circuit has two feedback paths.  The bandwidths of operation of the two paths are 

separated by several orders of magnitude in frequency, so it is reasonable to model them 

independently.  There is a fast second-order loop with a hard (step or “relay”) 

nonlinearity, and a slow first-order loop which controls the size of the step, and hence the 

limit cycle amplitude.  If we make the reasonable approximation that the limit cycles are 

sinusoidal, the first order loop becomes linear, and we can use the describing function 

method [14] to analyze the second-order nonlinear loop. We can find a simple describing 

function for the limit cycles: 
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where A is the limit cycle amplitude, k is the rms setpoint, and yrms(t) is the actual rms 

value.  Solving the characteristic equation for the nonlinear loop (using the describing 

function method) gives A = 4(k -  yrms(t))/p and  ? =1/v (LC) as expected – the frequency 

is defined by the resonant circuit, and the amplitude of the limit cycles by the desired 

minimum signal strength.  The stability of both loops is straightforward to demonstrate 

using standard frequency-domain methods such as the Nyquist criterion. 

 

Performance 

 

In analyzing small-signal response of phase-entraining circuits, there is a danger that 

measuring SNR simply in terms of power spectral density may give falsely optimistic 

results.  (Consider for example the extreme case of a free-running phase-locked loop 



   

which serendipitously matches the input signal.)  We have measured the performance of 

this circuit using the coherence between input and output signals, defined as [14]: 
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Where GXY(f) is defined in terms of the (single sided) cross-correlation function RXY(t): 
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Fig 2 shows coherence values for four cases.  In two cases, the input signal is at the 

resonant frequency, and in the other two the input is at 90% and 110% of the resonant 

frequency.  In the first case, the circuit is operating in open loop with the feedback 

disabled (i.e. as a simple linear detector); in the latter three cases the circuit is operating 

correctly in closed loop.  For the off-resonance cases, the coherence values at the input 

frequencies are also shown.  The Q of the resonant system was 10 and the detector gain 

was unity (in fact, no detector amplifier or buffer was used – a worst-case scenario). 

 



   

 
Figure 2:  The coherence of input and output signals for several test cases.  The 

uppermost curve (?) represents the circuit detecting a signal at the resonant frequency.  

The coherence, even at 1dBm input, is 96%.  By contrast, with the feedback disabled (? ), 

the coherence drops to 26%.  The lower four curves show closed-loop (CL) detection for 

input signals at 0.9  fr and 1.1 fr, measured at the resonant frequency fr (+ and ×) and also 

at the input frequency (?  and +×). 

 

It can be seen that the small-signal detection is substantially improved by the detector – at 

the lowest signal input (1mV peak-peak), the coherence is 96%, compared with 26% for 

the linear case.   

 

 

Conclusions 

 

By introducing a tunable nonlinear feedback path, we have induced a self-tuning, stable 

supercriticality in a resonant detector circuit.  As predicted by neurosensory researchers, 
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we have found that this improves the signal detection and frequency selectivity of the 

circuit.  We believe this topology will find application in neuromorphic systems such as 

silicon cochleas, where this represents an improvement in both functionality and 

biological fidelity. 
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